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•<^ ■ Abstract 

CN ' We consider the energy-subcritical NLS on M x M'', d > 1. A multi-soliton is a 

special solution to NLS behaving like the sum of many weakly-interacting solitary waves. 
Assuming the composing solitons have sufficiently large relative speeds, we prove the 
P^ , existence and uniqueness of a soliton train which is a multi-soliton composed of infinitely 

•^r ' many solitons. We also give a new construction of multi-solitons and prove uniqueness 

in an exponentially small neighborhood, and we consider the case of solutions composed 
of several kinks (i.e. solutions with a non-zero background at infinity). 
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^ ■ 1 Introduction 

(^ ' We consider the following nonlinear Schrodinger equation (NLS): 

cn ' 

^•' idtu + Au = -g{\u\^)u=:-fiu), (1.1) 

f^ I where u = u{t, x) is a complex-valued function on M x M , d > 1. The function g : [0, oo) — )• 

M obeys some Holder conditions mimicking the usual power type nonlinearity. Specifically 
denote amax = +00 for d = 1, 2 and amax = 3^2 for d > 3. Assume 

j_l : • g£ C0([0,oo),M)nC2((0,oo),M), g{0) = and 



C^ 



\sg'{s)\ + \s^g"{s)\ < C ■ (5°^ + s"^), Vs > 0, (1.2) 

where C > 0, < ai < 02 < ^^• 

A typical example is g{s) = s^ for some < a < c^max- In this case the corresponding 
nonlinearity f{u) is usually called energy-subcritical since there are lower bounds of the 
lifespans of the H^ local solutions which depend only on the H^-norm (not the profile) of 
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initial data (cf. [5l HO]). The first condition (jl.2p is a natural generalization of the pure 
power nonlinear ities. For much of our analysis it can be replaced by the weaker condition 
that g{s) and sg'{s) are Holder continuous with suitable exponents. However p.2|) is fairly 
easy to check and it suffices for most applications. A useful example to keep in mind is the 
combined nonlinearity gi^s) = s~2" — s~^ for some < ai < 02 < CKmax- Other examples can 
be easily constructed. Throughout the rest of this paper we shall assume /(u) = g{\v}^^u 



satisfy (jl.2|) . The purpose of this paper is to construct a special family of solutions known as 
multi-solitons to the energy-subcritical NLS (jl.ip . We begin with a few definitions. Given 
a set of parameters ojq > (frequency), 70 G M (phase), xq, fo G ^"^ (position and velocity), 
a solitary wave, or a soliton, is a solution to (jl.ip of the form 

^*o,^o,7o,a;o,'"o •= ^o(x - VQt - xq) e-x.-p {i\i;VQ ■ x- -|wopi + ^0* + 7oj ] , (1-3) 



where $0 ^ -ff (M ) solves the elliptic equation 

-A$o + ^o$o-/($o) = 0. (1.4) 

A nontrivial H^ solution to ()1.4p is usually called a bound state. Existence of bound states 
is guaranteed (see [I]) if we assume, in addition to (II. ip . that there exists so > 0, such that 

/■so 
G(so) ■■= / g(s)ds > ujoSq. (1.5) 

Jo 

Note that the condition p.Sp makes the nonlinearity focusing. 

All bound states are exponentially decaying (cf. Section 3.3 of f^), i.e. 

ev^kl(|$Q| + |V$o|) eL°°(M'^), for all < (J < wo- (1-6) 

A ground state is a bound state which minimizes among all bound states the action 

5($o) = ^||V$oi + ^||cl>o||2-i / G(\<^o\')dx. 

The ground state is usually unique modulo symmetries of the equation (see e.g. [IT] for 
precise conditions on the nonlinearity ensuring uniqueness of the ground state). If d > 2 
there exists infinitely many other solutions called excited states (see [U [2] for more on 
ground states and excited states). The corresponding solitons are usually termed ground 
state solitons (resp. excited state solitons). A multi-soliton is a solution to (jl.ip which 
roughly speaking looks like the sum of N solitons. To fix notations, let (see (jl.3p ) 

N N 

R{t, X) = ^ R<S>,,ujj,'yj,x,,v, (t, x) =: ^ Rj(t, x), (1.7) 

j=i i=i 

where each Rj is a soliton made from some parameters (uj , 'jj , Xj , Vj ) and bound state $j 
(we assume that (jl.Sp holds true for all (coj)). Since (II. ip is a nonlinear problem, the 
function R = R(t, x) is no longer a solution in general. Nevertheless we are going to show 
that in the vicinity of R one can still find a solution to (jl.ip to which we refer to as a 
multi-soliton. More precisely, a multi-soliton is a solution u to (jl.ip defined on [To,+oo) 
for some To G M and such that 

^ hin^ ||u - R\\x([t,oo)xR'i) = 0- (1.8) 



Here || • ||x([t,oo)xR'') is some space-time norm measured on the slab [t,oo) x M.'^. A simple 
example is X = C^Hl in which case one can replace (jl.Sp by the equivalent condition 

hm \\uit) - Rit)\\Hi = 0. 

t— >+oo 

However the definition (jl.Sp is more flexible as one can allow general Strichartz spaces (see 
(|2.2|) ). If each ^j in (|1.7|) is a ground state, then the corresponding multi-soliton is called a 
ground state multi-soliton. If at least one $j is an excited state, we call it an excited state 
multi-soliton. 

We now review some known results on multi-solitons. Most results are on the pure 
power nonlinearity f{u) = |u|°n with < a < Omax and ground states. If a = | (resp. 
a < ^, a > |), then equation (jl.ip is called (L^) mass-critical (resp. mass-subcritical, 
mass-supercritical). In the integrable case d = 1, a = 2, Zakharov and Shabat [22] derived 
an explicit expression of multi-solitons by using the inverse scattering transform. For the 
mass-critical NLS, which is non-integrable in higher dimensions. Merle [18] (see Corollary 
3 therein) constructed a solution blowing up at exactly N points at the same time, which 
gives a multi-soliton after a pseudo-conformal transformation. In the mass-subcritical case, 
the ground state solitary waves are stable. Assuming the composing solitary waves Rj are 
ground states and have different velocities (i.e. Vj ^ Vk li j j^ k in (jl.7p ). Martel and Merle 
[TSj proved the existence of an H^ ground state multi-soliton u S C{[Tq,oo),H^) such that 

N 

u{t)-yRj{t) <Ce-^^^^**, Vi>ro, (1.9) 






HI 



where Tq G M is large enough, /3 = (3^^^ is some constant depending only on (d, N), and the 
minimal relative velocity v^, and the minimal frequency uj^, are defined by 

v^, := min{\vj - Vk\ : I < j j^ k < N}, (1.10) 

LO^ = mm{ujj, l<j< N}. (1.11) 

In the same work, the authors also considered a general energy-subcritical nonlinearity 
f{u) = g{\u\'^)u with g £ C^, g{0) = and satisfy ||s~"g''(s)||/^oo(5>i) < c« for some 
< a < amax/2. Assuming a nonlinear stability condition around the ground state (see 
(16) of [l5]), they proved the existence of an H^ ground state multi-soliton satisfying the 
same estimate (jl.Op . 

In [9], Cote, Martel and Merle considered the mass-supercritical NLS (/(u) = |m|"u 
with ^ < a < Omax)- Assuming the ground state solitons Rj have different velocities, the 
authors constructed an H^ ground state multi-soliton u satisfying (jl.Op . This result was 
sharpened in ID by Combet: in [7], he showed the existence of a A^-parameters family of 
multi-solitons. 

In [8], Cote and Le Coz considered the general energy-subcritical NLS with f{u) = 
g{\u\'^)u satisfying assumptions similar to (|1.2p and (jl.Sp . Assuming the solitary waves Rj 
are excited states and have large relative velocities, i.e. assuming 

w* > f t) > 

for fjj large enough, the authors constructed an excited state multi-soliton u G C{[Tq, oo), H^) 
for Tq S M large enough, which also satisfies (jl.Op . 



The main strategy used in the above mentioned works [H [9l \TE[ [T8] is the following: one 
takes a sequence of approximate solutions ii„ solving (jl.ip with final data t(„(T„) = R{Tn), 
T„ — )• oo; by using local conservation laws and coercivity of the Hessian (this has to be 
suitably modified in certain cases, cf. [8]), one derives uniform H^ decay estimates oi Un on 
the time interval [To,T„] where Tq is independent of n; the multi-soliton is then obtained 
after a compactness argument. We should point out that the uniqueness of multi-solitons 
is still left open by the above analysis (see nevertheless [3 [8] for existence of a 1 and A^ 
parameters families of multi-solitons). Under restrictive assumptions on the nonlinearity 
(e.g. high regularity or flatness assumption at 0) and a large relative speeds hypothesis, 
stability of multi-solitons was obtained in [161 fT9| [20l [2T] and instability in |8]. See also 
Remark 11.91 below. 

In this paper we give new examples of solutions build upon solitons or upon their non- 
localized counterpart, the kinks. We work in the context of the energy-subcritical problem 
(II. Ij) with f{u) satisfying (11. 2p and (11. 5p We shall focus on fast-moving solitons or kinks, 
i.e. the minimum relative velocity f^ defined in (jl.lOp is sufficiently large. The composing 
solitons are in general bound states which can be either ground states or excited states. 
The main idea is that in the energy-subcritical setting, all solitons have exponential tails 
(see (jl.6p ). When their relative speed is large, these traveling solitons are well-separated 
and have very small overlaps which decay exponentially in time. At such high velocity and 
exponential separation, one does not need fine spectral details and the whole argument can 
be carried out as a perturbation around the desired profile (e.g. the soliton sum R) in a 
well-chosen function space. As our proof is based on contraction estimates, the uniqueness 
follows immediately, albeit in a very restrictive function class. 

Our first result is on the construction of a multi-soliton composed of infinitely many 
solitons. For this purpose we have to use scale invariance and work with the specific power 
nonlinearity fi{u) = |u|"n , < a < Omax- Let ^q € H^(U. ) be a fixed bound state which 
solves the elliptic equation 

-A$o + ^0 - |^o|"^o = 0. 

For j > 1, Wj > 0, 7j G M, Uj € M'^, define a soliton Rj by 



:j{t,x) := e*('^^"*-^+^^^-^'+^^)a;"$o(V^(a; - Vjt)). (1.12) 



R 



Compared with (jl.3p . the main difference is that we have used the parameter ojj to rescale 
the solitons. Note that for simplicity we have set all Xj = 0. With some minor modifications 
our construction below can also work for the general Xj case. For simplicity of presentation 
we shall not state the general case here. 

We shall make the following assumption on the parameters: 

Assumption A. 

• There exists ri> -^ such that if < a < ^ (mass-subcritical case), then 1 < ri < 2, 
if -1 < a < CKmax (mass- critical or mass-supercritical case), then ri < a -\- 2, and in 



d 
both cases 



oo 



1 



A^:= J^o;/ '^' <oo. (1.13) 



• The solitons travel sufficiently fast: there exists a constant V-^ > such that 

^Jmm{uJj,UJk}{\vk-Vj\]>v^,, yjj^k. (1-14) 

Typically the parameters (u}j,Vj) are chosen in the following order: first we take (ujj) 
satisfying (|1.13p ; then we inductively choose Vj such that the condition (|1.14p is satisfied. 
For example one can take for j > 1, ojj = 2~^ and Vj = 2^Vi,. 

We shall take the following soliton train: 

oo 

R^ = Y,Rj, (1.15) 

i=i 

where each Rj was defined in ()1.12p and the parameters {vj,ujj) satisfy Assumption [Al We 
seek a solution to p.ip in the form u = Roo +??, where r] satisfies the perturbation equation 

oo 

idtv + Ar, = -/(i?oo + V) + Y1 ^(^j)- 

The regularity of Roo, f{Roo) and the source term f{Roo) — Yl^i fi^j) '^ill be established 
later (cf. Lemma l4.ip . In Duhamel formulation, the perturbation equation for r] reads 

/oo °° , 

e'('--^^(^f{Roo + r])-Y,fiRj))dr, Vt > 0. (1.16) 

i=i 

The following theorem gives the existence and uniqueness of the solution r] to (|1.16p . 

The Strichartz space S{[t, cxd)) is a subspace of L°°{t, oo; L^) and will be defined in (j2.2p . 

Theorem 1.1 (Existence of an infinite soliton-train solution). Consider (jl.ip with f{u) = 
\u\^u satisfying < a < Omax- Let Roo be given as in (ll.lSp . vuith parameters ojj > 0, 
7j G M, and Vj G M"^ for j G N, which satisfy Assumption\^ There exist constants C > 0, 
ci > and vj ^ 1 such that {see (J1.14p ) if v^, > uj, then there exists a unique solution 
rj G S'([0,oo)) to (|1.16p satisfying 

ll^lls([t,oo)) + II^(0IIl-+2 < Cexp(-ciz;*t), Vt > 0. 

Remark 1.2. Certainly Theorem 11.11 can hold in more general situations. For example 
instead of taking a fixed profile 'I'o in (J1.12p . one can draw $o from a finite set of profiles 
A = {*&oi ■ ■ ■ ' '^o } where each $q is a bound state. One can also allow {xj), the center of 
each soliton, to be an arbitrary sequence of points in M . In this case the condition (I1.14p 
has to be modified. 

Remark 1.3. By using Theorem 11.11 and Lemma 14.11 one can justify the existence of a 
solution u = Roo + ?/ satisfying (11. ip in the distributional sense. The uniqueness of such 
solutions is only proven for the perturbation 77 satisfying ()1.16p . In the mass-subcritical 
case < a < ^, the soliton train Roo is in the Lebesgue space CiL"^ n L^, and one 
can show that the solution u = Roo + f] can be extended to all M x M'^ and satisfies u G 

2(d+2) 2(d+2) 

C^Ll{m. X R"') n L^i^^^ Lx '* (M X R'^) (see dH])). Hence it is a locafized solution in the 
usual sense. In the mass-supercritical case | < a < Omax) the soliton train Roo = l^^i Rj 



is no longer in L since each composing piece Rj has 0(1) L -norm. Nevertheless we shall 

da. I 

still build a regular solution to p.l6p since -Roo has Lebesgue regularity LfL^ n L^ 
which is enough for the perturbation argument to work. We stress that in this case the 
solution r/ is only defined on [0, cxd) x R and scatters forward in time in L^. 

Remark 1.4. The rate of spatial decay of multi-solitons is still an open question in the 
NLS case (for KdV it is partly known: multi-solitons decay exponentially on the right). In 
Theorem II. H the soliton-train profile Roo around which we build our solution has only a 
polynomial spatial decay, not uniform in time. Hence we expect the solution u = Roo + r] 
to have the same decay. 

Our next two results give a new proof of Theorem 1 in [S] in various settings. The 
slight improvement here is the lifespan and uniqueness. We begin with the pure power 
nonlinear ity case. 

Theorem 1.5 (Existence and uniqueness of multi-solitons, power nonlinearity case). Con- 
sider (jl.ip with f{u) = \u\°'u satisfying < a < Omax- Let R he the same as in ()1.7p and 
define v^, as in (ll.lOp . There exists constants C > 0, ci > and Vf^ ^ 1 such that ifv^, > v^, 
then there exists a unique solution u E C([0, oo),//"'^) to (jl.ip satisfying 

ci""**!!™, Dll ,, I ^C2V^t 



em 



R\\s{[t,oo)) + e^2'^**||V(tx - i?)b([t,oo)) < C, Vt > 0. 



Here C2 = ci • min(l,Q) < ci. In particular \\u{t) — R{t)\\u\ < Ce ^'^'"*^ . 

Remark 1.6. As was already mentioned, Theorem 11.51 is a slight improvement of a cor- 
responding result (Theorem 1) in [8]. Here the multi-soliton is constructed on the time 
interval [0, cx)) whereas in [8j this was done on [To,oo) for some Tq > large. In particular, 
we do not have to wait for the interactions between the solitons to be small to have existence 
of our multi-soliton. However, we have no control on the constant C so at small times our 
multi-soliton may be very far away from the sum of solitons. The uniqueness of solutions 
is a subtle issue, see Remark 11.91 

The next result concerns the general nonlinearity f{u). 

Theorem 1.7 (Existence and uniqueness of multi-solitons, general nonlinearity case). Con- 
sider (II. ip with f{u) = g{\u\'^)u satisfying (II. 2p and (jl.Sp . Let R he the same as in (ll.7p 
and define v^, as in (jl.lOp . There exist constants C > 0, ci > 0, C2 > 0, Tq 3> 1 and vj ^ 1, 
such that if Vi, > v^, then there is a unique solution u G C{[Tq,oo),H^) to (II. ip satisfying 

e=i-**||n - R\\si[t,o.)) + e'=^^**||V(tx - i?)||5([t,oo)) <C, Vt > Tq. 

Remark 1.8. Unlike Theorem II. 5 ( the solution in Theorem 11.71 exists only for t > Tq with 
To sufficiently large. To take Tq = 0, our method requires extra conditions. For such results 
see Section [6j We can also extend Theorem 11.141 similarly 

Remark 1.9. In Theorems 11.51 and 11.71 the uniqueness of the multi-soliton solution holds 
in a quite restrictive function class whose Strichartz-norm decay as e~'^^'^**. A natural 
question is whether uniqueness holds in a wider setting. In general this is a very subtle 
issue and in some cases one cannot get away with the exponential decay condition. In [8], 
the authors considered the case when one of the composing soliton, say Ri is unstable. 
Assuming g S C°^ (see (jl.ip ) and the operator L = — zA + icoi — idf{^i) has an eigenvalue 

6 



Ai G C with p := Re{\i) > 0, they constructed a one-parameter family of multi-sohtons 
Ua(t) such that for some Tq = To (a) > 0, 

Af 

||u„(i) -J^iZ,(t) -ay (t)llHi(K.) < Ce-2^*, Vi > Tq. 

Here ^(t) is a nontrivial solution of the linearized flow around Ri, and e^*||y(t)||j:/i is 
periodic in t. This instability result shows that the exponential decay condition in the 
uniqueness statement cannot be removed in general for the mass-supercritical NLS. 

Our last result concerns the existence of multi-kinks. We place now ourselves in dimen- 
sion d = 1. In such context and under suitable assumptions on the nonlinearity /, (jl.ip 
admits kink solutions. More precisely, given 'JjUJjVjXq G M, what we call a kink solution of 
(jl.ip (or half-kink) is a function K = K{t, x) defined similarly as a soliton by 



Kit, x) := e<5--3l-l'*+-*+7) ^(^ -yt- xo), 



but where <j) satisfies the profile equation on M with a non-zero boundary condition at one 
side of the real line, denoted by ±00 and zero boundary condition on the other side (denoted 
by =Foo): 

( -ct>" + uj<P- /(0) = 0, 

1 lim <p{x) = 0, lim ^(2;) / 0. ^^'^^' 

The existence of half-kinks is granted by the following proposition. 

Proposition 1.10. Let / : M — )• M 6e a locally Lipschitz continuous function with /(O) = 
and define F{s) := L f{t)dt. For a; G M, let 

C(u;):=inf{C>0,F(C)-|c' = 0} 
and assume that there exists wi G IR such that 

C(a;i) > 0, f{Q{uJi)) - wiC(^i) = 0. (1.18) 

Then for w = wi there exists a kink profile solution (f) G C^(M) of ()1.17p . i.e. <j) is unique 
(up to translation), positive and satisfies <^ > 0, (/>' > on M and the boundary conditions 



lim 4){x) = 0, lim (t){x) = C(wi) > 0. (1.19) 

a,'— >— 00 x— >+oo 

If in addition 

/'(C(a;i))-a;i<0, 

then for any Q < 5 < oji — /'(("(^i)) there exists C > such that 

|0'(x)| + |0(x)l|,<o}| + |(Ci(wi) - 0(2;))l{x>o}l < Ce-^'"'- (1-20) 

Remark 1.11. By uniqueness we mean that when oj = ui the only solutions connecting 
to C('^i) (i-6- satisfying (|1.19p ) are of the form (j){- + c) for some c G M. 

7 



Remark 1.12. Using the symmetry x — )• —x it is easy to see that Proposition 11.101 also 
implies the existence and uniqueness of a kink solution (p satisfying 

lim (j){x) = Ci^i) > 0, lim (j){x) = 0. 

x— >■— oo x— >+oo 

Reverting the > into the assumptions of Proposition 11.101 we immediately obtain the exis- 
tence of a kink profile connecting to C('^i) < 0. 

Remark 1.13. It is well known (see [Ij) that if instead of (jl.lSp we assume that there exists 
Wo G ]R such that 

C(ojo) > fiCi^o)) - wCK) > 0, 

then for uj = loq there exists a soliton profile, i.e. a unique positive even solution cj) G C^(M) 
to (I1.17P with boundary conditions 

lim </)(x) = 0. 

Our next goal is to construct a solution to (jl.ip built upon kinks and solitons. Before 
stating our result, let us first mention some related works. When its solutions are considered 
with a non-zero background (i.e. |m| — )• i/ / at ±oo ), the NLS equation (jl.ip is often ref- 
ered to as the Gross-Pitaevskii equation. For general non-linearities, Chiron [6] investigated 
the existence of traveling wave solutions with a non-zero background and showed that vari- 
ous types of nonlinearities can lead to a full zoology of profiles for the traveling waves. In the 
case of the "classical" Gross-Pitaevskii equation, i.e. when f{u) = (1 — |up)ti and solutions 
verify \u\ — )• 1 at infinity, the profiles of the traveling kink solutions K{t, x) = (pdx — ct) are 
explicitly known and given for \c\ < \f2 by the formula 




'\>c{x) = \\ ^^—^ — tanh 

with a; = 0. (in particular, one can see that the limits at -co and -|-oo are different, 
thus justifying the name "kink"). In [4J, Bethuel, Gravejat and Smets proved the stability 
forward in time of a profile composed of several kinks traveling at different speeds. Note 
that, due to the non-zero background of the kinks, the profile cannot be simply taken as a 
sum of kinks and one has to rely on another formulation of the Gross-Pitaevskii equation 
to define properly what is a multi-kink. 

The main differences between our analysis and the works above mentioned are, first, 
that our kinks have a zero background on one side and a non-zero one on the other side, 
and second, that, due to the Galilean transform used to give a speed to the kink, our kinks 
have infinite energy (due to the non-zero background, the rotation in phase generated by 
the Galilean transform is not killed any more by the decay of the modulus). In particular, 
this would prevent us to use energy methods as it was the case for multi-solitons in [51 |9l [15] 
or multi- kinks [4J. 

The profile on which we want to build a solution to (jl.ip is the following. Take A^ G N, 
(uj,Xj, a;j,7j)j=o,...,Ar+i C M"^ such that vq < ■ ■ ■ < vn+i- Assume that for wq and ujn+i 
there exist two kink profiles 00 and </>Ar+i (solutions of (|1.17p ) satisfying the boundary 
conditions 

lim (j)o{x) / 0, lim (j)o{x) = 0, 

x— >■— oo X— >+oo 

lim (j)N+iix) = 0, lim (J)n+i{x) ^ 0. 

x— >— oo a;— ^+oo 



Denote by Kq and i^Af+i the corresponding kinks. For j = 1, . . . ,N, assume as before that 
we are given locahzed sohtons profiles ((^j)j=i ,,^^ and let Rj be the corresponding solitons. 
Consider the following approximate solutions composed of a kink on the left and on the 
right and solitons in the middle (see Figure [1]) : 



N 



KR{t, x) := Ko{t, x) + V Rj{t, x) + KN+iit, x). 



j=i 



(1.21) 
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Figure 1: Schematic representation of the multi-kink profile KR in (jl.2ip 
Our last result concerns solutions of that are composed of solitons and half-kinks. 

Theorem 1.14. Consider (jl.ip with d = 1, f{u) = g{\u\'^)u satisfying (|1.2p . and let KR 
be the profile defined in (|1.2ip . Define v-^ by 

v^ := mf{\vj -Vk\; j,k = 0,...,N + 1, j y^ k}. 



Then there exist Vf^ > (independent of{vj)) large enough, Tq ^ 1 and constants C, ci,C2 > 
such that ifv^, > v^, then there exists a (unique) multi-kink solution u G C([To, +oo), i:fj|^^(M)) 
to (jl.ip satisfying 



oClf*t| 



\u 



- ^^ll5([*,+oo)) + e^'^*'\\V{u - i^i?)||5([*,+oo)) <C, Vt > To. 



It will be clear from the proof that the theorem remains valid if we remove Kq or i^Af+i 
from the profile KR. It is also fine if vq > or vat+i < 0. 

To simplify the presentation, we shall give a streamlined proof to Theorems ll.il [T31 11.71 
and I1.14[ The key tools are Proposition 12.31 and Proposition 12.41 which reduce matters to 
the checking of a few conditions on the solitons. This is done in Section [2l We stress that 
the situation here is a bit different from the usual stability theory in critical NLS problems 
(cf. |13t rn] ) . There the approximate solutions often have finite space-time norms and the 
perturbation errors only need to be small in some dual Strichartz space. In our case the 
solitary waves carry infinite space-time norms on any non-compact time interval (unless 
one considers L'^). For this we have to rework a bit the stability theory around a solitary 
wave type solution. The price to pay is that the perturbation errors and source terms need 
to be exponentially small in time. This is the main place where the large relative velocity 
assumption is used. We give the proofs of Theorems 11.51 and 11.71 in Section [3l of Theorem 
1.11 in Section [5] and finally of Theorem 11.141 in Section [5l In Section [6l we conclude the 
paper by giving three results similar to Theorem 11.71 with additional assumptions that allow 
us to take Tq = 0. 
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2 The perturbation argument 

We start this section by giving some 

Preliminaries and notations 

For any two quantities A and B, we use A < B (resp. A > B ) to denote the inequality 
A < CB (resp. A > CB) for a generic positive constant C. The dependence of C on other 
parameters or constants is usually clear from the context and we will often suppress this 
dependence. Sometimes we will write A <fc B if the implied constant C depends on the 
parameter k. We shall use the notation C = C{X) if the constant C depends explicitly on 
some quantity X. 

For any function / : M*^ — )• C, we use ||/||lp or ||/||p to denote the Lebesgue L^ norm of 
/ for 1 < p < cx). We use LlU^ to denote the space-time norm 

q/r \ 1/q 



u\\LlLl(Ry.R<i) ■= [ [IW{t,x)\'' dxj dtj 



with the usual modifications when g or r are equal to infinity, or when the domain M x M*^ 
is replaced by a smaller region of space-time such as I x M . When q = r we abbreviate 
LJLl as Ll^ or Lf^.. We shall write u G L^_;^^L^(M x M"^) if 

||ii||2,9 2,r(xxM'') < oo, for any compact ET C M. (2-1) 

We shall need the standard dispersive inequality: for any 2 < p < oo, 

The dispersive inequality can be used to deduce certain space-time estimates known as 
Strichartz inequalities. Recall that for dimension d > 1, we say a pair of exponents {q,r) is 
(Schrodinger) admissible if 

2 d d 

- + - = -, 2 < g, r < oo, and [d, q, r) f^ (2, 2, oo). 

q r I 

For any fixed space-time slab / x M , we define the Strichartz norm 

\As{l) ■■= sup ||'u|lL9Lj(/xRd)- (2-2) 

(g, r) admissible 

For d = 2, we need to further impose q > qi in the above norm for some qi slightly larger 
than 2, so as to stay away from the forbidden endpoint. The choice of qi is usually simple. 
We use S{I) to denote the closure of all test functions in M x R under this norm. We 
denote by A^(/) the dual space of S{I). 

We now state the standard Strichartz estimates. For the non-endpoint case, one can see 
for example [llj. For the end-point case, see (12j . 

Lemma 2.1. If u : I x M'^ — ;> C solves 

idtu + Au = F, n(to) = uq, 
for some to £ I, uq e LKR'^). Then 

\Ms{I) ^d \\uo\\2 + ||^||7V(/)- 
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We need a few simple estimates on the nonlinearity. For any complex-valued function 
F = F{z), recall the notation 

_ 1 fdF .dF\ p ._ 1 f9F .dF 

2 \dx dy J ^ ^ ' 2 \dx dy 



If we write F{z) = F*(z,z) with z and z treated as independent variables in F* , then 

^z ~ dz "^^^^ ^^ ~ dz ■ 

By chain rule and Fundamental Theorem of Calculus, it is easy to check that 



V(F(n(x))) = F,{u{x))Vu{x) + F2{u{x))Vu{x); 

F{zi) - F{z2) = {zi - Z2) [ F,{z2 + e{zi - Z2))de 

Jo 

+ (ir^^) / F,{z2 + e{zi - Z2))de. (2.3) 

Jo 

These two identities will be used later. 

Lemma 2.2 (Holder continuity of /' and g). Let f{z) = g{\z\'^)z for z G C and suppose g 
satisfy (|1.2p and (|1.5|) . Then for all si, S2 > we have 

\9isl)-g{s'2)\ + \sy{sl)-slg'{sl)\ 

< \SI - S2r'''^^"l'^^(si + S2)'"^^^2''l-^'°^ 

+ |si - sar^^^^^^'^n^i + S2)°'''^^^"^"^'°^ (2.4) 
and for any zi, Z2 € C, 

\fz{zi) - fz{z2)\ + \Mzi) - f-ziz2)\ + \g{\zi\^) - 5(k2p)| 

< \zi - Z2r'°^^"''^^(|2l| + Izsl)'^^^^^"!-^'"^ 

+ \Z1 - Z2r''^^''^'^\\zi\ + |^2|)max{2a2-l,0}. ^2.5) 

\fizi) - f{z2)\ < \Z1 - Z2\ ■ ((kll + k2|)'"^ + (l^ll + N2|)'"^). (2.6) 

Proof of Lemma \2.SX By (|1.2p . we get for any s > 0, 

l(sV(s^))'l < \sg'{s')\ + |.V(^')I < s'-^-' + s'-^-\ 

Clearly for any si, S2 > 0, using the above estimate, we have 

|c2„7.2n _ „2 // 2n| < I 2ai _ 2ai , , , 2a2 _ „2a2 1 

^ ELiNi - S2r'"^'"^''^(si + 52)'"""^'°''-''°^. 

The estimate for g{s'^) is similar. Therefore (|2.4p follows. Observe that 

/,(z) = g'i\z\^)\z\^ + 5(k|'), /.-(z) = g'{\z\^)z\ 

Obviously ()2.5p holds for (7(|zp) and 72(2;) using ()2.4p . For fz{z), the estimate is similar: 
Let zi = pie*^i, Z2 = /02e*^^, with 16*1 — ^2! < tt- One just need to note that 

|/,(.i) - f,{z2)\ = Wip'Me^^'^-'^^ - g'{pl)ple^^'^-'% 

and 1 21—22 1 ~ |/?i— /92II cos(^i^^)|-|-(pi-|-/92)| sin(^i-^)|. Estimating the real and imaginary 
parts separately gives the result. Finally (j2.6p follows from (j2.3p and (|2.5p . D 
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With the preHminaries and notations out of the way, we now turn to the main matter 
of this section. 

To prove our results, we shah state and prove a general proposition on the solvability of 
NLS around an approximate solution profile with exponentially decaying source terms. This 
proposition is very useful in that it reduces the construction of multi-soliton solutions to the 
verification of only a few conditions (see (j2.7p and (j2.1ip below). To simplify numerology 
we shall first deal with the pure power nonlinearity case. 

Proposition 2.3. Let < a < Omax- Let H = H{t,x) : [0,oo) xR'^ ^C,W = W{t,x) : 

[0, oo) X M — 7- C be given functions which satisfy for some Ci > 0, X > 0: 

\\Wit)\\a+2 + e^'\\H{t)\\^<Ci, Vt>0. (2.7) 

a-\-l 

Let fi{z) = \z\^z and consider the equation 

r,{t)=i r e*(*--)^ (/i (W + ri)- /i (W) + f) (r) dr. (2.8) 

There exists a constant A* = X^{a,d,Ci) > sufficiently large such that f/ A > A* then 
the following holds: 

• There exists a unique solution rj to (|2.8|) satisfying 

\\vma+2 < Cie-^\ Vt>0. (2.9) 

• All (L? level) Strichartz norms of rj are finite and decay exponentially, i.e. 

ll^lls([t,oo)) < e-^*, Vt>0. (2.10) 

• // in addition to (12. 7p . {H, W) also satisfies for some C2 > 0: 

\\VW{t)\\^+2 + e^'\\VH{t)\\^<C2, Vt>0, (2.11) 

a + l 

then rj £ L^^H^, and for some C3 = C3(d, a,Ci) > 0, 

||Vr?(t)|U+2 + ||V7?||5([,,^)) < CsCae— "^^°'i>^*, Vt > 0. (2.12) 

Here both C3 and A* are independent of C2 ■ 

Proof of Proposition \2.'J[ We write (|2.8p as 77 = Vrj. We shall show that for A sufficiently 
large, y is a contraction in the ball 

e^%it)\U2 



B = <r]: \\r]\\^ 



We first check that V maps B into B. Denote 



<Ci}. 

L-([0,oo)) 



2 a + 2 

It is easy to check that < 6 < 1 since by assumption < a < ctmax- By the simple 
inequality 

\fiizi)-fiiz2)\<\zi-Z2\-i\zir + \z2n, VZ1,Z2GC (2.13) 
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we have 

\fi{W + v)- fi{W)\ < |r?| . {\Wr + \rin- (2-14) 

By using the dispersive estimate, the assumptions on (W, H) and (|2.14p . we have 

h(i)IU+2 

<C Tit- rr'(\\\W{Tr\v{T)\\\^ + MtT+'W^ + \\H{r)\\^)dT 

J^ \ a + l a + 1 ct + 1 / 

< Cj^^ \t - r\-'[\\W{T)r^^,Ur)\U, + Urmll + \\H{r)\\^)dT 

<C f \t- Tl-^fc^Cie'^^ + C'f+ie-^("+^)^ + Cie'^AdT 

< CCie-^^h, (2.15) 
where C = C{d, a) and (f = r — t) 

pco /"OO /"OO 

I^ = Cf / {f)-^e-^Uf + Cf / (f )-''e-^("+^)^(if + / (f )-^e-^^df . 
Jo Jo Jo 

It is not difficult to check that for A sufficiently large 

^ C{C,,d,a) ^ 
^ - Ai^^ 

Hence ||r/(t)||Q,+2 < Cie~'^* and V maps B to B. By using ()2.13p and a similar estimate as 
in (j2.15p . we can also show that for any iji £ B, ri2 G B, 



1 



\\{Vmm-{Vmm\\x<o\\vi-V2 



2' 



\x- 



This completes the proof that ^ is a contraction on B. 

Next (j2.10p is a simple consequence of the Strichartz estimate. Denote by a the number 
such that I + ^jx2 = 2' -'^^ ^^ ^^^y ^^ check that 2 < a < oo since < a < Omax- By ()2.13p 
and Strichartz estimate, we have 

\\v\\si[t,oo))<\\fi{W + v)-fiiW)\\ a ^ +\\H\\ . ^ 

<iiki-(rr + hr)ii ^ ^ +11^11 ^ ^ 

- II^IIl-LS+2([0,c«)) • "''"L«^i5+2([i,oo)) 

+ ll^ir (a + l)a + ll-f^ll -^ 2+2 

< e-^\ V t > 0. (2.16) 

Finally to show (j2.12p . we ffist prove that V maps Bi into Bi where 

B, = Bf]L: sup(e--^"'i>^*||Vr/(t)|U+2) < C2 



t>o 
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We start with the identity 

= {{Ozfi){W + r/) - {dJi){W))V{W + rj) + {dJi){W)Vv 

+ {{d2fi){W + rj)- {d,h){W))V{W + rj) + {d,h){W)V^. (2.17) 

Note that for < a < 1, 

\{dzfl)izi) - idji){z2)\ < \Z, - Z2r, Vzi, Z2 G C, 

and for a > 1, 

\idzfl)izi) - {djl)iz2)\ < (Nil"-' + \z2r')\zi - Z2\, Vzi, Z2 G C. 

Therefore 

MMW + ,) - MW))\ < |"^"""^(^ + '^\ + 1^"""^^"' if < « ^ 1' 

' ^ ^ ' ^ \(|r/|°-i + |M^|"-i)|r/||V(W^ + r/)| + |VF|°|Vr/|, if a > 1 

(2.18) 

For simpHcity we shall only discuss the case < a < 1. The argument for q > 1 is 
similar (even simpler) and will be omitted. By using ()2.18p , ()2.9p . (j2.1ip . and the dispersive 
inequality, we have for t > 0: 

||Vr?(t)|U+2 <d,a r \t - T\-'(\\\r]nV{W + r/)|||<^ + \\\W\''Vr^\\^ + \\VH\\^)dT 

J M \ OL + l CK + l CK + l / 

<d,a /" \t - r\-'(\H\l^2{\WW\U2 + ||Vr?|U+2) 

+ l|W^IIS+2l|Vr/||a+2 + ||VF||^)(iT 



/■OO /"OO 

<d,a,C, C2 \t- T\-'e-^''^dT + C2 \t 

Jt Jt 

/•oo 

<A..c Co / It - rr^e-^""dr 



:d,«,Ci ^2 

fOO 



< C72e-^°* • C(d, a, Ci) / |fr^e-^"^df 

JO 



oo 



= Cae"^"* • C(d, a, Ci) • (Aa)-(i^^) / |f r^e-^df. 

Jo 

Now if we take A > A^, and A^, = \^{d, a, Ci) is independent of C2 and sufficiently large such 
that 

r°° 1 

C(d,a,C7i)-(A*a)-(^-^M |f r^e^^df < -, (2.19) 

Jo 2 

then clearly 

||Vr/(t)|U+2<C2e-^"*, Vt>0. 
By a similar argument, we also obtain for the case a > 1, 

||V7/(t)|U+2<C2e-^*, Vt>0. 

14 



Hence we have proved that V maps Bi to Bi. Smce F is a contraction on B and maps Bi 
into Bi, it is obvious that we have constructed the solution satisfying 



||Vr?(t)|U+2 < C2e-^^'"^"'i>*, Vt > 0. 



(2.20) 



It remains for us to bound the Strichartz norm ||Vr7(t)||5(rf_oo)). The argument is similar 
to that in (j2.16p . Let a be the same number such that ^ + ^^r^ = 2- ^y (|2.18p and 
Strichartz, we have 



l|Vr/||5([t,oo)) <d |r?nV(W^ + 7?)| 
\r]\"\VW 



JV([t,oo)) 



+ 



r-jd 



T a — 1 J a 



a + 2 + 



+ \\\WnVv\\\ a H+l 



VF|"|Vr?| 
r?nV77| 
+ IIV/7II 



JV([t,oo)) 



+ IIVFI 



iV([i,oo)) 



a a + 2 

Lr^Lr^([t,oo)) 

g a + 2 



^d 



\v\' 



a a + 2 

L^^L^"' ([i,oo)) 



VM^I + |Vr/| 
+ ll|Wril -+2 l|Vr?|| 



+ ||Vi7|| a a + 2 

Lr^ L^ i[t,oo)) 



L-LS+2([t,oo)) 



Lf^Lj+2{[t,oo)) 



(2.21) 



By ([2:9|) . we have 



a a + 2 < 

Lr^L^°' ([t,oo)) 






L^([i,oo)) 



< Cf 



OO . a — 1 



< Cf • Aa 



a-1 



-Aat 



Plugging the above estimates into (j2.2ip and using (|2.1ip . ()2.20p . we obtain 



This settles the estimate for < a < 1. 

By a similar estimate, we also have for a > 1, 

l|Vr?||5([j,oo)) ^d,a,Ci C2e 
This completes the proof of (j2.12p . 



-\at 



-Xt 



D 



The next proposition is a variant of Proposition 12.31 and will be used in the proof of 
Theorems 11.71 and 11.141 Several assumptions and conditions have to be modified to take 
care of the general nonlinearity f{u). 

Proposition 2.4. Let f be the same as in (jl.ip satisfying condition ()1.2p . Let H = H{t, x) : 

[0, cxd) xM.'^ ^ C, W = W{t, x) : [0, oo) x M'^ — )• C 6e given functions which satisfy for some 
Ci>0, C2>0, \> 0, To > 0; 



||Ty(t)||oo + e^iF(t)||2<Ci, Vt>ro; 

||VI^(t)||2 + ||VVF(i)||oo + e^'\\VH{t)\\2 < C2 



"^tyTf 



0- 



(2.22) 
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Consider the equation 

^{t)=iP e'^'--~^''(^f{W + r,)-f{W) + H){T)dT, t>To. (2.23) 

There exists a constant A=k = A*((i, ai,a2,Ci) > and a time T^, = T^{d, ai, 02, Ci, C2) > 
sufficiently large such that if X > X* and Tq>T*, then there exists a unique solution rj to 
(|233D on [To, +00) X R"' satisfying 

e^'\\v\\s{[t,oo)) + ^^"''W'^vWsilLoo)) < 1, Vt > To. (2.24) 

Here ci > is a constant depending only on (ai,d). 

Remark 2.5. It is important to notice that A* does not depend on C2. This will be essential 
for the proof of Theorems 11.71 and 11.141 



Proof of Proposition \2.4\ The proof will be similar to that of Proposition 12.31 except that 
we only use Strichartz estimates. To minimize numerology we will suppress all explicit 
dependence of constants on all parameters except the constant C2. 

We now sketch the main computations. Take < /3i < 2ai such that /3i < j^- Denote 

m-1, if(i=l,2 



? -^J 



Here for d = 1, 2, rn, is an integer such that m > 2a2 + 2. 

We shall omit the standard contraction argument since it will be essentially a repetition 
and we check only the following property: If on [Tq, +00) we have 



e 



Aiii II 1^ fiCiAt 



^lls([i,oo))+e^'^*l|V??||5([t,oo)) <C. 



then the following a priori estimate holds, provided A and Tq are chosen large enough, 

e^'\\v\\silt,oo)) + e'^^*l|Vr?||s([t,oo)) < 1- (2.25) 

We start with ||?/||s([t,oo))- By Lemma \T2\ and Strichartz, we have 

l|ry||5([i,oo)) < \\f{W + r?) - /(t^)|U([t,oo)) + ll^ll7V([i,oo)) 

< MW\^^ + \W\^' + \vf^ + \vf')\\N(,[t,oo)) (2.26) 

+ \\H\\LlLl{[t,c^))- (2.27) 

For (|2:27D . by using (|2:22]) . we have 

f°° 1 

\H\\TlT:2nt_r^^^ < / e'^Mr < T^e-^\ 



\LlLl{[t,O0)) r^ I ' -■ _ -^QQ 



where the constant ^ is obtained by taking A large enough. 

For (|2.26p . consider two cases. If d > 3, then by the boundedness of W, we have 

(\Wfi + \W\^^ + |7?|^i + |7?|^2) < 1^1 + |^|i+3^. (2.28) 
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Hence for d > 3, 



^M < M\Lim\t,oo)) + 



4 
d-2 I 



iL2([t,oo)) -^ \\mv\''-'\\ Hd+2) 

Lr,i+^ {[t,00)) 
OO 4 

< / e"^^ (ir + ||r/|| 2(d+2) ■ hV~id+2) 



L^,^" ([t,oo)) L^^^-2 ([t,oo)) 



<^e-^* + hll5([*,oo))-||Vr?||^fj^)) 
A 

1 

< e 

- 100 



-Ai 



where we have used the fact that A and t > Iq are sufficiently large. 
For d = 1, 2, we replace ([2:28]) by 

\'n{\W\f'^ + \Wf^ + |r?|^i + |r/|^2)| < |77| + \r,r . 

Then 

IU([i,oo)) ^ lll^niLiLKft.oo)) 



fOO 

2m, ^ 
It 



< Ilr7(r)||^^dr. 



By (j2.24p and interpolation (i.e. Gagliardo-Nirenberg), we have for ^ = ^(2 ~ 2m) 

Mr)hm<\\ri{T)\\l-'\\Vr^{T)t 

< -((l-e)A+ciAe)r 

It is easy to check that m{l — 6) >!. Therefore 

/OO 1 

''''^" - Too"''*- 

Hence the estimate also holds for d = 1,2. Consequently for all d > 1, and t >Tq, 

1 

10 
Now we estimate ||V7/||5([(_oo')). By Strichartz and ()2.17|) 

l|Vr/||5([t,oo)) < l|V(/(Ty + r?) - /(iy))|U([i,oo)) + ||VF|U([,,^)) 
< \\\fz{W + v)- MW)\ ■ V{W + v)\\N([t,oo)) 



\V\\silt,oo)) < — e ^* 



+ \\\f-z{W + v)-f2{W)\-ViW + v)\\Ni[t,oo)) 

+ \\\fz{W)\Vv\\N([t,oo)) + lll/.-(VF)|V^IU([t,oo)) + l|VF|U([*,oo)). 

By Lemma 12.21 we get 

l|Vr7||5([t,oo)) < llkl''MVr?|||^([t,oo)) + III^I^MVW|)|U([i,oo)) (2-29) 

+ lllryr'^^i^^'i^dt^l + |^|)--{fe-i,o} . (i^^i ^ |Vr?|)||jv([t,oo)) (2.30) 
+ 11(1/. Wl + \MW)\)Vrj\\LiLlilt,oo)) + \NH\\LiLm,oo))- (2.31) 
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Consider (j2.29p . Let a be the number such that | + -a-^ = 2 ^^^ ^^^ a' = ^^. Then 

lll^l''MVr?||U([t,oo))<llhl^^Vr?|| 1^ 

L?'Lfi^([i,oo)) 



< |||77|^M 

r\^ M I / I I 



< 



Ur)C^^'dT] ■\\Vv\\silt,oo)). 



(2.32) 



It is not difficult to check that /3i • -^ < a (since /3i < 4/(i). By using the fact ||??|| rar/'i+^/r-t ^^ 
e~ and Holder inequality, for t > Tq we have 

r-fe+l a a 






I ft +2 



"-'dr 



k>t-l^ 

fc>t-i 



fc+i 



II^(t)||^,+2^^ 



1 aPl 
a a — 2 



< 



E 

k>t-l 



k 

g a — 2 <^ — g ^ ' a — 2 



t Ml ^ 1 



a/3l 



Plugging the above estimate into (|2.32p . we obtain 



< 



,— ciAt 



100 



t>Tn 



for A sufficiently large and Tq > 1. 

Similarly we have for i > 1, using /3ia' = /3ia/{a — 1) < o, 



|ry 



^i|VVF| 



W([t,oo)) 



< Ill77|/5l 



L?'l7^ ([i,oo)) ^ ^ ^^' ^^ 



<e-Aft(*-i)C2 



1 



< e^'^^'^*e~'^'^^'^*^^)C2 < e"^^'*'* 



100 



Hence 



50 



Next we deal with (|2.30p . Consider first the case d > 6. In this case /32 < 1. Therefore 



(^M 



< WlvldTi 



(|VI^| + |Vr?|)|| 



N{[t,<x,)) 



< |||7y|d-2Vr/|| 2(d+2) + Ill^h-^VI^III 2d 



,1- 



d-2 



+ 



< ll^^ll5{[t,oo)) 






00 4 



2d d-2' 
1 



L2([t,c«)) 



?^-'dr^ ' 



<e-^i^(i+^)* + C72-f / e-^^^dr 



< e-'^i^* + C2 • e- 

- 200 



-ciATo g-ciAt ^ J_ - 

- 100 



■CI At 



(2.33) 
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for A and Tq sufficiently large. 

d-2 



Consider next the case 3 < d < 5. In this case /?2 = -rj) > 1- Therefore using the 



boundedness of VF, we have 

Um < \M ■{\W\+ rj)^^-\\VW\ + |V7?|)||;v([i,oo)) 

3i(|vTy| + |Vr,|)|U([,,^)) + \M^-{\VW\ + \Vil\)\\Ni[t,oo)) 



<|(l229D| + ||kh-2Vr?||_2id+2)^ +|||r/h-2|V^||U([i,oo)) 
1 



n^ . , , . ... 

l;;i+^ ([t,oo)) 



4 

For d = 5, we can bound the term HI??! <*-2 |VH^|||7v([i,oo)) iii the same way as in (I2.33J) (it is 
easy to check that -j^ < ^^ for d > 5). For d = 3, 4, we have 

L^^Lf^ i[t,oo)) 

OC 8x1 



<C2( ||r?(r)r- dr)^ (2.34) 



Since d = 3,4, it is easy to check that 2 < -^^ri < ^^- By interpolation we have for 

^ = i(d-2)2, 

Mr)\\ ^<||r?(r)||^||Vr?(r)||^-^ 

< p-SAr -{l-e)ciAr < ^dXr 

Plugging this estimate into (j2.34p . we obtain for d = 3, 4, 

\N([t,oo)) ^ C2 



^ I VT^I II ^n. ^,, <C2( r e-^('^-2)Mrl ~' < C2 ■ A'^e^^^* < j^e-^^* 



which is clearly enough for us. 

It remains to bound ()2.30p for d = 1,2. Since in this case 132 = m — 1 > 1, we have 

^m < \Mi\W\ + |r?|r-2(|VTy| + |V7?|)|U([,oo)) 

< Illr/I'^KIVW^I + |V77|)|U([,,^)) + ||k|™|VH^||U([t,oo)) + \\\vr\'^v\\\Ni[t,oo)) 

< \^M\ + lll^nV^|kiLi([t,oo)) + IlknVrylll 2i^ 

L,,i+* {[t,oo)) 

< IdOSDI + C2h|ir™L2™([t,oo)) + l|V^||5([i,oo)) • \\v\r^.^ ■ (2.35) 

Now by Gagliardo-Nirenberg inequality, 

UrWm < (h(T)|l2"'^^"^V^(T)||?^"^^)" 

<lk(r)|||<e-^^^ 



n^-/ 



Similarly 

2d 

ll^(r)||'^(.+2) <||r/(T)||2''+^<e-^^^ 



2 
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Plugging the above estimates into (|2.35p and integrating in time, we obtain for d = 1,2, 



mm < Y^e"''^* 



which is acceptable for us. We have completed the estimate of (I2.30p for all d > 1. 
Finally consider (fOTT) . Note |||/^(W^)| + \f^{W)\\\L-- < C by ([23]) and 1^22^ . Thus 



m^ <C 



||V7?|| 



+ \\VH{T)\\L2]dT 



POO 



ciAr 



L-L2([r,oo)) 



C]^ A 



'CiXt ^ 



-ciAt 



100 



if we take A and t >Tq large enough. 

We have finished the proof of the a priori estimate (|2.25p . The proposition is proved. D 

Remark 2.6. Our proof does not work for the energy-critical case because the overlap of 
multi-solitons no longer decays exponentially, but is just power-like; our proof relies heavily 
on the exponential decay property. 

3 The A^-soliton case 

In this section we give the proofs of Theorem 11.51 and Theorem 11.71 

We first recall ()1.7p . the multi-soliton profile, and observe that the difference rj = u — R 
satisfies the equation 

N 

idtv + At? = -f{R + v)+Yl fi^j) 



N 



.{f(R + rj) - fiR)) - {fiR) -Y^fiRj))- 



(3.1) 



N 



The following lemma gives the estimates on R and the source term f{R) — X]i=i fi-^j)- 

Lemma 3.1. There exist constants Ci > depending on {N,ai,a2,d,{u}j)'jLi,{xj)'^^i), 
ci > depending only on ai, C2 > depending on {N, ai, a2, d, {coj)jLi, {vj)jLi, {xj)jLi) , 
such that the following hold: For every 1 < r < 00 and t > 0, 



N 
\\R{t)\\r+Y,\\Rjit)\\r<Cl, 

i=i 

N 

f{R{t)) -J2f{R^{t)) < Cie-^^v^-**, 

.i — ' r 

i=i 

N 

V{f{R{t))-^f{R^{t))) 



< Coe^^iv^"**. 



(3.2) 

(3.3) 
(3.4) 
(3.5) 



Here recall Wj, = minjwj, 1 < j < N} and v-^ = inin{\vk — Vj\ : 1 < k ^ j < N}. 
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Proof of Lemma \3.1[ The estimates p.2p and (j3.4p follow directly from (|1.3p and ()1.6p . 
To simplify the notations, denote 

n:= {N,ai,a2,d,{ujj)jLi,{xj)jLi). 

To prove (|3.3p . we start with the point-wise estimate. By (|3.2p and Lemma 12.21 

N N N 

f{R{t,x))-^f{Rj{t,x))\ = \Y^g{\Rit,x)\^)Rj{t,x)-Y,9{\Rj{t,x)\')Rj{t,x) 

AT 

< ^ \g{\R{t,x)\^)-g{\Rj{t,x)\^)\ ■ \R,{t,x)\ 

TV 

<n 5^(|i?(t,x) -i?,(t,x)| + |i?(t,x) -E,(t,x)p"^) • |i?,(t,x)| 

<_ „ l\DU ™M ID /'j. ™M I /I D_ /j. ™M ID /j. ™M\2o 



Q sup |i?fc(t,x)| • |fi,(t,x)| + (|i?fc(t,x)| • |/?,-(t,x)|)^"M. 

(3.6) 



It suffices to treat the first term in the bracket of p.6p . The second term is similarly 
estimated. 

By ([H]), for any (5 < 1, 

|iifc(t,^)|<d,5e-'5v^l^-'"=*-^'=l, VA: = l,...,iV. 

Now fix some b <\ for the rest of the proof. 
Clearly for any k ^ j, 

\Rk{t,x)\ ■ \Rj{t,x)\ <d,5 e-'5(V^I^-'"=*-^'=l+v^l^-^^*-^^D. (3.7) 

By the triangle inequality, it is clear that for all j ^ k, x £ M*^, t > 0: 

^/iJk\x — V^t — Xk\ + ^/^\x — Vjt — Xj\ 

>m.m{.yuJ],^/uJ^}(\vj -Vk\t- \xk ~ Xj\] 

>^/uJ^\V^,t-\xk- Xj\]. (3.8) 

Plugging (j3.8p into (|3.7p . we obtain for any k ^ j, 

\Rk{t,x)\ ■ \Rj{t,x)\ <n e-iv^^** • e-i(v^l^-^**-^*l+V^I^-^^*-^^l) (3.9) 



Now dSSD follows easily from ((SJD and l\3M . 

Finally to show (|3.5p we only need to recall (|2.3p and write 



N 

v(/(i?))-j;v(/(i?,)) 

TV N 

= Y^iMR) - UR3))^R3 + Y.^h{R) - fz{Rj))VR~. 

Thanks to the above decomposition, the rest of the proof is essentially a repetition of that 
of (13. 3p . The only difference is that the constants will depend on the velocities Vj due to 



the terms Vi?j. We omit further details. D 
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Now we are ready to complete the 



Proof of Theorem \1.5[ By (j3.ip . we need to solve the integral equation (j2.8p for r] on [0, oo) x 
M*^, with W = RandH = /i(i?) -EjLi /i(-Rj)- % LemmaEll conditions (HZ]) and (12^11 
are satisfied. Thus, by Proposition 12.31 there exists r/ G C([0,oo), //-^) with ||(V)t/||5([( q^)) 
decaying exponentially in t. Since the soliton piece R G C{[0,oo),H^), so is n(t). D 



Proof of Theorem |i.7| This is similar to the proof of Theorem 11.51 We need to apply 
Proposition 12.41 with W = R and H = f{R) — Ylj=i fi-^j)- ^Y Lemma |3.H the condition 
(|2.22p is satisfied. By Proposition [2^ there exists r/ G C([To,oo),if^) with ||(V)?7||5([j^oo)) 
(in particular ||?/(t)||//i) decaying exponentially in t. D 



4 An infinite soliton train 

In this section we construct an infinite multi-soliton solution to (jl.ip in the energy-subcritical 
case. Thanks to Proposition 12.31 the proof of Theorem II. II is reduced to checking the regu- 
larity of the infinite soliton R^o and the tail estimates. 

Lemma 4.1 (Regularity of -Roo)- Let Roo be given as in (|1.15p and recall fi{z) = \z\'^z. 
Then 

1. There is a constant j4i > depending only on (Ai^,d,a), such that 

oo 
Poo(t)||oo + Poo(t)||ri + X](ll^i(*)IU + \\Rj{t)\\r,) < A, Vt > 0, (4.1) 

J = l 

oo 

||/i(i?oo(t))||f,±2^+V||/i(i?,(t))||,,±2^<ii, Vt>0. (4.2) 

Q + l ^ ' a + 1 

where < ei < 1 is a small constant depending on (ri,a). 

2. There are constants ci > 0, C2 > depending only on (a, d), Ci > 0, C2 > depending 
on {Ai,d,a), such that 

00 
\\fi{Roo{t)) - J^/i(i?i(t))||oo < Cie-'^i''**, Vt > 0, (4.3) 

i=i 

00 

||/i(i?oo(t)) - V/i(i?,(t))||^ < Cse-^^''**, Vi > 0. (4.4) 

' ^ OL-\-l 



Proof of Lemma \4.1\ The inequalities ()4.ip -( jT2]) are simple consequences of ()1.13p . The 
proof of the inequality (j4.3p is similar to the proof of (j3.3p and we sketch the modifications. 
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By using (j4.ip and (jl.6p (fix 77 < 1), we have 

00 00 

\fiiRo,{t,x)) -J2fiiRjit,x))\ <Y^\\Roo{t,x)r - \Rjit,xT\- \R,{t,x)\ 

00 



00 



1 



j=i k^j 



min{l,a} J_ 



^Og'^V^I^"''^*! 



x-^ -l\-^ - / ; — I j-\ : I — I t\\ min{l,a} 

By (|1.14p . we have 

y/uJk\x — Vkt\ + ^/(^\x — Vjt\ > V-),t, Vt > 0. 

Hence ()4.3p follows from the above estimate and p.lSp . Finally (j4.4p follows from interpo- 
lating the estimates <^i2)~<^M- D 

We now complete the 

Proof of Theorem \1.1[ We first rewrite (11.160 as 

e*^*-")^(/i(i?oo +r?) - fiiRoo) + fi{Roo)-Y,fi{Rj))dT. 

We then apply Proposition EJ with W = Roc and H = /i(i?oo) - E^i/i(^i)- By 
Lemma 14.11 it is easy to check that the condition (j2.7p is satisfied. The theorem follows 
easily. D 

5 Half-kinks 

We conclude this paper by giving the proofs of Theorem 11.141 and Proposition II . lOl 

Proof of Theorem \1.14\ The proof is similar to that of Theorem 11.71 The only difference is 
that, due to the non-zero background, the profile KR is not in C(M, H^) any more but only 
mC{R,HU. D 

Proof of Proposition [TTTOl Assume w = wi and define Ci := C('^i)- Take any cpQ £ (0,Ci) 
and let (p be the solution to ()1.17p on the maximal interval of existence I and with initial 
data 

0(0) = 00, 4>'{o) = ^oji(t>l - '^HM- 

We first prove that 0(x) G (0, Ci) for any x £ L Indeed, assume on the contrary that 
there exists xq such that (j){xo) = or (J){xq) = Ci. From our choice of initial data for 0, it 
follows that, for any x £ I, (p satisfies the first integral identity 

-i|0'(x)p = F(0(x))-^|0(x)p. (5.1) 
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In particular, (j5.ip at x = xq implies 

4>'{xq) = 0. 

However, by Cauchy-Lipschitz Theorem it follows that (/> = or i?!) = (^i on I, which enters 
in contradiction with (J)q G (0, C,i). Hence for all x G / we have (j){x) £ (0, Ci) which implies 
in particular that / = M. 

Since ^o S (0,Ci)) we have (/>'(0) > and by continuity (p'{x) > for x close to 0. We 
claim that in fact 0'(x) > on M. Indeed, assume by contradiction that there exists xq 
such that (j)'{xo) = 0. From the first integral (|5.1|) . this implies that 

Therefore (/>(xo) = or (/>(xo) = Ci) but we have proved that to be impossible. Hence (j)' > 
onM. 

We consider now the limits of (j) at ±00. Define 

/ := lim </>(x), L := lim </)(x). 

Let us show that / = and L = (i. Indeed, by (|5.ip . we have F{1) — '^P = (indeed 
otherwise it would implies \(j)'\ > (5 > for x large, a contradiction with the boundedness of 
(j)). Since <^ G (0, Ci) ^-iid (p is increasing, this implies / = and L = Qi. 

Let us now show that (j) is unique up to translations. Assume by contradiction that 
there exists (p S C^(M) solution to (J1.17p satisfying the connection property (J1.19p . Since 
we claim uniqueness only up to translation, we can assume that i;^(0) G (0, C,i). In addition, 
since we have shown that (p varies continuously from to Cii we can also assume without 
loss of generality that (/>(0) = (pQ = (/>(0). The first integral identity for (j) is for any x E M 

l|,^'(x)p - ^i<^(x)p + F{m) = Iwm'' - yi'AWp + F{m) 

In particular, since lim^_j.-|-oo 'i>'{x) = 0, and and C,\ are zeros of (" — >• F{C,) — ^C^, we have 

\\~^'m'' = '^\m? - F{m)- 

As previously, it is not hard to see that (j)' has a constant sign, which must be positive 
due to the limits of (j) at ±00. Therefore ^'(0) = <^'(0) and the uniqueness follows from 
Cauchy-Lipschitz Theorem. Differentiating the equation we see that (f>' verifies 

-(</.')" + (a;i-/'(0))0' = O. 

Since lima;^-oo(wi - /'(</))) = wi and lima;^+oo(wi - /'(</>)) = wi - /'(C(wi)) > 0, (|1.20p 
follows from classical ODE arguments. D 



6 Multi-soliton up to time zero 

In this section we add extra conditions to Theorem 11.71 so that the solution exists in [0, 00) 
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Theorem 6.1. Consider (jl.ip with f{u) = g{\u\'^)u satisfying (jl.2p and (jl.Sp . Let R be 
the same as in (jl.7p and define v^, as in (|1.10p . Suppose 

V := max \vk\ < Mv^ , /or some M > I. (6-1) 

There exist constants C > 0, ci > 0, C2 > ond up = v^{M) » 1, suc/i iftai if v^, > v^, then 
there is a unique solution u S C([0,oo), -ff-^) to (jl.ip satisfying 



e 



Cl'^AtlU, Dll „,, ,, I „C2V^,t 



n - i?||s([t,oo)) + e^2^**||V(tx - i?)||s([t,oo)) < ^, Vt > 0. 



Remark 6.2. The extra condition ()6.ip is satisfied for example if ?;j = ^i)j for some fixed Vj 
and jjL is an increasing parameter. 

Sketch of proof. Following the proof of Lemma 13.11 the assumption (j2.22p of Proposition 
12.41 is satisfied with 

To = 1, A = cu^, Ci = Co, C2 = Cqv, 



where c = C(ai)y^minj=i n ujj and Co = Co((i, A^, ai,a2> (^^jO^Ld (^j)^i) are indepen- 



dent of {vj)^^i. The smallness condition used in the proof of Proposition 12.41 is of the 



form 

e-'^'\l + C2)<e (6.2) 

for some small e > independent of C2. It can be satisfied either by fixing A* ^ 1 
independent of C2 and then requiring t > Tq with To = To(C2) large (as in the proof of 
Proposition 12. 3p . or by fixing Tq = 1, using the assumption C2 = Cqv < CqMv^^ , and 
requiring v^, sufficiently large. In the latter case we get a solution r/(t) for 1 < t < 00. Since 
the soliton piece R G C([0,oo), -fT^) and \\r]{t = l)||//i can be chosen sufficiently small by 
enlarging A*, we can extend r/(t) up to time t = with 0(1) estimates by local existence 
theory in H^. D 

The following result is L^-theory for T^-subcritical and critical nonlinear ities. 

Theorem 6.3. Consider (jl.ip with f{u) = g{\u\'^)u satisfying (II. 2p and (II. 5p . Further 
assume 02 < 2/(i. Let R he the same as in p.7p and define v^, as in (jl.lOp . There exist 
constants C > 0, ci > 0, and v^ ^ 1, such that if v^, > uj, then there is a unique solution 
u G C([0,oo),L^) to (II. ip satisfying 

e^i'^**h-i?b([t,oo))<C, Vt>0. 

Sketch of proof We will modify the first part of the proof of Proposition 12.41 which bounds 
rj = u — R in S{[t, 00)). In that part, estimates for Vr/ is only used to bound the global 
nonlinear terms ^,=12 l^/P"^"^^ in the dual Strichartz space N{[t, 00)). Suppose 02 < 2/d 
and 



ms{[t,^)) 



< e-^\ \/t > 0. 



For m = 2qi + 1, r = tti + 1, and a such that — I — = tt, we have 

J ' * a r 2' 



lll^l llAf([t,oo)) ^ lll^l llL"'L'-'(t,oo) - ll^llL<''™L'-'™(t,oo)' 

where r' = r/(r — 1) and a' = a/{a — 1). Let q and b be such that 

, 2 d d 

q = rm, - + - = -. 
b q 2 
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We claim that aj < 2/d is equivalent to 

am < b. (6-3) 

Indeed, ()6.3p amounts to 

2 2m fd d\ d d 

—. > — ;— = Ta\ = m -, 

d - h V2 9/ 2 r'' 

i.e. 

d d 2 fd 2\ d 

^-2^^^^='^'-[-r^-a)=-2^'^ 
which is exactly aj < 2/d. Thus 

/ /.oo \ l/a' / oo i-t+k+l \ ^l"- 

iii^riU([*,oo)) < (/ Ms)\\iTds)^ = (El^^ Ms)\\irds\ 

(^ f rt+k+l \ S- 



\A;=0 / 

We have used (|6.3p in the second inequality. The rest of the proof is the same as the first 
part of the proof for Proposition 12. 4[ D 

The following result is valid for both L'^-subcritical and L^-supercritical nonlinearities. 
Its proof extends that of Proposition 12.31 

Theorem 6.4. Consider (jl.ip with f{u) = g{\u\^)u satisfying (|1.2p and (|1.5p . Let /3j = 
2aj, j = 1, 2, with < /3i < /32 < Omax- Assume for d > 3 

^' </3i</32, ^f 0</32<^, (6.4) 



1 + ^2 -""' ....... 2 

^' </3i</32, i/ ^</32<amax, (6.5) 



Omax + 1-/32 2 

and for d= 1,2 we assume (16. 4p on/y. T/ien we can choose ri and r2 such that 



< ri - 2 < A < /32 < r2 - 2 < a^^ax, (6.6) 

'^1,52 < rir2 - n - r2 < r2/3i. (6.7) 

Let R be the same as in (jl.7p and define v-^ as in (jl.lOp . For any choice ofri,r2 satisfying 

(|6.6p - (l6.7p . t/iere exisi constants C > 0, ci > 0, and v^^ 1, such that if v^, > v^, then there 
is a unique solution u = R + r] to (jl.ip on [0, +oo) satisfying 

||r?(t)||i.,nL'-2<Ce-'=^''**, Vt > 0. (6.8) 
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J2 2.0- 




Figure 2: Region of admissible /3i,/32 in Theorem 16.41 for d = 3 

Note the first strict inequahty in (j6.5p . compared to (|6.4p . See Figure [2] for the /3i-/32 
region when d = 3. Remark also that (|6.4p and ()6.5p are equivalent (when d > 3) to 



/3i < /32 < 
/3i < /32 < 



/3i 



l-/3i' 

(amax + 1),01 



if < /3i < 



Qn 



if 



Or, 



< /3l < On 



(6.9) 
(6.10) 



1 + /3l " "max + 2 

Sketch of proof of Theorem \6.4\ For j = 1, 2 and 6j = ^(g — — ) G (0, 1), we have 

|t _ ^|-e, |||^(r)|i+^'' l,dT + (nice terms), 
where r'^ = f'j/{rj — 1). The nice terms can be estimated as in the proof of Proposition [27 

can be estimated by Holder inequality and (j6.8p if 



Note that 



|„||l+/3fc 



n < 



^.-1 



(l + /3fc)<r2, Vj,A;. 



.11) 



For J = 1, the left inequality of ()6.1ip is always true. The right inequality is equivalent to 

ri{l + P2) < r2iri - 1), or 

r2<ri(r2- 1-/32). (6.12) 

For J = 2, the right inequality of (j6.1ip is always true. The left inequality is equivalent to 
ri{r2 - 1) < ^2(1 + A), or 

r2(ri-l-/3i)<ri. (6.13) 
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Equations (j6.12p and (|6.13p are equivalent to (j6.7p . Furthermore, ()6.6p and (j6.7p can be 
combined into the following equivalent condition 

< ri - 2 < 6i(ri,r2) < A < /^a < 62(^1, rs) < rs - 2 < a^ax 

where 

fei(n,?'2) = n - 1 -ri/r2, f'2(n,r-2) = r2 - 1 -r2/ri. 

It turns out that when 2 < ri < r2 < Omax + 2 we always have 

< ri -2 < 6i(ri,r2) < b2{ri,r2) < r2 - 2 < a^ax- 

Thus for any (/3i, /32) in the right triangle with a vertex (61 (ri, r2), 62 (^^i, ^2)) and hypotenuse 
on the line /3i = /32, the pair ri,r2 satisfies (|6.6p and (I6.7p . 

If we set ri = 2, we can eliminate r2 and found that (x, y) = (61 (2, r2), 62(2, r2)) satisfies 
< y < amax/2, < rr < ^^^ and x = y/(l + y), y = x/(l - x). If we set r2 = a^ax + 2 
when d > 3, we can eliminate n and found that (x, y) = (61 (ri, amax + 2), &2(n; Omax + 2)) 

satisfies amax/2 < y < Omax, """" < X < amax and X = y/(amax + 1 - y), y = (ttmax + 

l)x/(x + 1) Note that we require r2 — 2 < Omaxi thus the boundary curve (j6.5p is not 
admissible. These show that for any (/3i,/32) satisfying (16. 4p and (I6.5p we can find ri and 
r2 satisfying (j6.6p and (j6.7p . D 

The conditions (|6.4p and (|6.5p guarantee the existence of ri and r2 , but may not be neces- 
sary. In Figure[2l the region of admissible Pi, 132 is delimited on the right (line with triangles) 
by {bi{r,r),b2{r,r)) for r = 2, . . . , 6 (recall d = 3) and on the left by (6i(2,r2), 62(2,^-2)) 
for r2 = 2, . . . ,6 (line with squares) and (6i(ri, 6), 62(ri, 6)) for ri = 2, . . . , 6 (line with 
asterisks). Figure [2] was actually obtained by numerical plots of (&i(ri,r2), 62(^1)^2)) for 
< ri < r2 < amax) which suggest that ()6.4p and (|6.5p are the left boundaries of admissible 
(/3i, /?2)- But we do not pursue a proof here. 
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